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We consider continuous observation of the nonlinear dynamics of single atom trapped in an optical cavity by
a standing wave with intensity modulation. The motion of the atom changes the phase of the field which is then
monitored by homodyne detection of the output field. We show that the conditional Hilbert space dynamics of
this system, subject to measurement-induced perturbations, depends strongly on whether the corresponding
classical dynamics is regular or chaotic. If the classical dynamics is chaotic, the distribution of conditional
Hilbert space vectors corresponding to different observation records tends to be orthogonal. This is a charac-
teristic feature of hypersensitivity to perturbation for quantum chaotic systems.
PACS number~s!: 42.50.Ct, 42.50.Vk, 42.50.Lc, 32.80.2tI. INTRODUCTION
The study of quantum nonlinear dynamics, especially sys-
tems that classically exhibit Hamiltonian chaos, has recently
begun to focus on the response of such systems to external
sources of noise and decoherence @1,2#. This direction was
prompted by the observation that nonintegrable classical sys-
tems, when quantized, will exhibit dynamics that depart from
that expected classically on a very short time scale @3–5#, so
short that even macroscopic systems should show observable
quantum features in their motion @6#. There have now been
numerous experimental observations of the short time devia-
tions between quantum and classical dynamics of nonlinear
systems @7–10#. The nonlinear dynamics of cold atoms in
optical dipole potentials has proven to be a particularly fer-
tile field for quantum nonlinear dynamics. Recently, the ef-
fects of decoherence in quantum chaotic dynamics was stud-
ied using cold atoms @11–13#. However, in all experimental
observations so far, the results have been obtained from an
ensemble of systems, not from repeated observations on a
single quantum system. Recent progress in single-atom dy-
namics in small optical cavities @14# indicates that it will
soon be possible to study the quantum nonlinear dynamics of
a single quantum system subject to repeated measurements
@15# and it is towards describing such systems that this paper
is directed.
It is in the context of such single system dynamics that the
information approach of Schack and Caves @16# based on
hypersensitivity to perturbation becomes significant. In that
approach the response of classical and quantum nonlinear
systems to external perturbations is considered. In particular,
they show that for a chaotic system it requires a huge amount
algorithmic information to track the classical ~phase-space
trajectory! or quantum ~Hilbert-space vector! of a single cha-
otic system when it is subjected to small external perturba-
tions. It is better in such cases to average over the perturba-
tion and pay a much smaller cost in von Neumann entropy.
In the quantum case the signature of this hypersensitivity to
perturbation has been shown to be the distribution of Hilbert-
space vectors resulting from dynamical sequences with dif-
ferent perturbation histories. While this approach seems to
offer considerable insight into quantum and classical chaos,1050-2947/2000/62~4!/043801~6!/$15.00 62 0438it is far from clear what it means for an experiment where the
dominant source of perturbation is likely to be the measure-
ment back action associated with the attempt to continuously
monitor the dynamics.
In reference @17# an attempt was made to study hypersen-
sitivity to perturbation arising from quantum measurements
made on a single quantum system: a nonlinear kicked top. In
that study the measurements were not continuous in time but
rather a sequence of discrete readouts applied at the same
time as the kicks. The results confirmed in general terms the
observation of Schack and Caves for measurement-induced
perturbation. Specifically, it was shown that if a system was
initially localized on a chaotic region of phase space, the
Hilbert-space vectors resulting from different measurement
histories tended to become orthogonal, while for initial regu-
lar states the Hilbert-space vectors for different histories
tended to remain closer together. In this paper we extend that
study to the case of a continuously monitored single quantum
nonlinear system: a single atom trapped by an intracavity
optical dipole field. The motion of the atom changes the
phase of the cavity field which may be monitored using
phase-sensitive detection of the light leaving the cavity.
Chaos is introduced by externally modulating the intensity of
the light inside the cavity. We use the now established tech-
niques of quantum trajectories @18,19# to study the distribu-
tion of Hilbert-space vectors for different measurement his-
tories. Previous studies that used quantum trajectories to
describe the dynamics of open quantum nonlinear systems
include the work of Brun et al. @20#.
We use the nonlinear stochastic Schro¨dinger equation to
parallel the discussion in Ref. @17# based on the way infor-
mation is extracted. The nonlinear Schro¨dinger equation de-
scribes a true measurement in which actual information
about the quantum state of the monitored system is extracted
from the external field. Our results confirm that a chaotic
system, subject to different continuous observation histories,
will produce a distribution of states that tend to be orthogo-
nal. This means that a very tiny error in recording the mea-
surement history will suggest a final state that is very likely
orthogonal to the actual final state. In this way, the intuitive
idea that chaos constrains predictability is carried over to
continuously observed single nonlinear quantum systems.©2000 The American Physical Society01-1
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MEASUREMENTS ON SINGLE-ATOM DYNAMICS
IN CAVITY QED
Recently, experiments in cavity QED have achieved the
exceptional circumstance of strong coupling, for which
single quanta can impact the atom-cavity system. The trap-
ping of a single atom in a high-finesse cavity has been real-
ized @14#. In these systems we must treat quantum mechani-
cally both the optical and electronic degrees of freedom as
well as the center-of-mass motion of the atom. In our model
the atom is in the optical dipole potential of a cavity standing
wave which is blue detuned from an atomic resonance so
that there is a net conservative force acting on the atom in the
direction of decreasing intensity. This interaction does not
change the intensity of the optical field but it does change the
phase by an amount that depends on the atomic position. As
the atom moves in the cavity it changes the phase of the field
and if this phase change can be monitored we can effectively
monitor the atomic position. This can be accomplished by a
homodyne measurement of the field leaving the optical cav-
ity. Mabuchi et al. @23# have already demonstrated this kind
of measurement at the level of a single atom. A similar
model for an atom trapped in a harmonic optical potential
was recently discussed by Doherty et al. @15#
The basic theoretical description can be given as master
equation for a two-level atom coupling to a single electro-
magnetic mode via the Jaynes-Cummings interaction Hamil-
tonian, including the quantization of the atomic center of
mass @21,22#. The Hamiltonian in Schro¨dinger picture can be
written as
Hˆ 5
pˆ 2
2M 1\vAs
1s21\vca
†a1\E0~ae2ivLt1a†eivLt!
1\g sin~kLxˆ !~as11a†s2!, ~1!
where ^pˆ & is the momentum of the atom, M is its mass, and
vA , vc , and vL are the two-level resonance frequency, the
cavity frequency, and the frequency of the driving laser field,
respectively. The term E0 is a constant proportional to the
amplitude of the driving field, g is the coupling constant of
the interaction between driving field and atom, s1 and s2
are the raising and lowering operators for the two-level atom,
and a† and a are the creation and annihilation operators for
the cavity field. We assume that the detuning D is positive
and D5vA2vL@g ,G and vc5vL , where G is the atomic
dipole decay rate. In the interaction picture the Hamiltonian
can be simplified as
Hˆ 85Hˆ e f f1\E0~a1a†!, ~2!
where
Hˆ e f f5
pˆ 2
2M 2
\g2
2D a
†a cos~2kLxˆ !, ~3!
is the effective Hamiltonian @21#. Note that the effective in-
teraction does not include the driving laser field.04380We use L to denote the density operator for the joint state
of the atom and the cavity. Then the master equation for L is
@24,25#
dL
dt 5
1
i\ @H
ˆ
e f f ,L#2iE0@a1a†,L#
1
k
2 ~2aLa
†2a†aL2La†a !, ~4!
where k is the cavity decay rate. Note that if the cavity is
driven by a strong coherent field and if it is strongly damped
at the rate k , the field state will relax to approximately a
coherent state with amplitude a5(22iE0)/k .
We assume that E0 /k!1. Then we can transform the
total state by
L˜ 5D1~a!LD~a!. ~5!
Therefore, a→a1a and a†→a†1a*. We then expand L˜
@24# as
L˜ 5r0 ^ u0&a^0u1~r1 ^ u1&a^0u1H.c.!1r2 ^ u1&a
3^1u1~r28^ u2&a^0u1H.c.!. ~6!
The reduced density operator is r5Tr(L˜ )5r01r2 and
the master equation after adiabatic elimination is
dr
dt 5
1
i\ @H
ˆ 0 ,r#2DJˆ ,@Jˆ ,r#. ~7!
Here
D5
2g4E0
2
D2k3
~8!
is the diffusion constant and
Jˆ 52cos~2kLxˆ !, ~9!
Hˆ 05
pˆ 2
2M 1\xJ
ˆ , ~10!
where
x5
2g2E0
2
Dk2
. ~11!
The conditional master equation for the optical field un-
dergoing continuous homodyne measurement is @24,25#
S drcdt D field5
k
2 ~2arca
†2a†arc2rca
†a !
1Ak
dW~ t !
dt ~arc1rca
†2^a1a†&crc!,
~12!1-2
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equation rc is the density matrix that is conditioned on a
particular realization of the Homodyne current up to time t.
The corresponding stochastic Schro¨dinger equation is
ducc~ t !&5dt@2iHˆ e f f /\2 12 ka1a1I~ t !a#ucc~ t !&,
~13!
where
I~ t !5k^a1a1&1Ak
dW~ t !
dt ~14!
is the measured current. Using Eq. ~7!, we can derive the
nonlinear stochastic Schro¨dinger equation by adiabatic elimi-
nation,
ducc~ t !&5dt@2iHˆ 0 /\2DJˆ 21IA~ t !Jˆ #ucc~ t !&, ~15!
where IA54D^Jˆ &1A2D(dW(t)/dt).
The normalized nonlinear stochastic Schro¨dinger equation
is
ducc~ t !&5dtF2iHˆ 0 /\2D~Jˆ 2^Jˆ &c!2
1A2D~Jˆ 2^Jˆ &c!
dW~ t !
dt G ucc~ t !&. ~16!
Given the modulation frequency v , we can define dimen-
sionless parameters by t˜5vt , p˜5(2kL /Mv)p , x˜52kLx ,
Hˆ˜ 05(4kL2 /Mv2)Hˆ 0 , g˜5g/v , E˜ 5E/v , D˜ 5D/v , k˜
5k/v , D˜ 5D/v , and x˜ 5x/v . This yields the commutator
relation
@xˆ˜ ,pˆ˜ #5i k¯ , ~17!
where k¯54\kL
2 /Mv is the dimensionless Planck constant.
Omitting all the tildes, the equivalent equations are simi-
lar except that \ is replaced by k¯ and the dimensionless
Hamiltonian is
Hˆ 05
pˆ 2
2 2j cos x
ˆ , ~18!
where j5(4kL2 /Mv2)\x . In order to study chaos in a quan-
tum system, we consider a periodic modulation of the driv-
ing field E0(t)5E0A122e cos t. The expressions of the sto-
chastic equations ~14! and ~15! will not change except that \
is replaced by k¯ and D is replaced by D(122e cos t), and j
in Eq. ~17! is replaced by j(122e cos t).
III. SENSITIVITY TO DIFFUSION CONSTANT
We assume that initially the atomic center-of-mass wave
function is in a Gaussian minimum uncertainty state with the
position representation04380c~x !5S 12psxD
1/4
expF2 ~x2x0!24sx 1 ip0xk¯ G . ~19!
We take x050, p051.0 since for these values the state is
localized on a second-order period-one resonance and is thus
localized in a regular region of phase space ~see Fig. 1!. For
sx50.3906, k¯50.25, j51.2, Dyrting and Milburn @26#
have shown that the system will coherently tunnel between
the two corresponding second-order period-one resonances.
We use a split operator method @27# and fast Fourier trans-
formation @28# to obtain the numerical solution of the sto-
chastic Schro¨dinger equations. In this scheme the kinetic op-
erator and potential operator are used separately to propagate
the wave function:
exp@2iHˆ dt/ k¯#;exp@2i~Pˆ !2dt/4k¯#exp@2i~Vˆ !dt/2k¯#
3exp@2i~Pˆ !2dt/4k¯# . ~20!
The computing errors are of O(dt3). Here Vˆ is the effective
potential, which includes a stochastic term,
Vˆ 52j~ t !cos xˆ 2i k¯FD~ t !~Jˆ 2^Jˆ &c!2S 11 dW~ t !2dt D
2A2D~ t !~Jˆ 2^Jˆ &c!
dW~ t !
dt G , ~21!
FIG. 1. Stroboscopic portrait of the system with Hamiltonian
H05(p2/2)2j(122e cos t)cos x, where e50.2, j51.2.1-3
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introduced the @dW(t)#2/dt term to keep the expression con-
sistent with the normalized nonlinear stochastic Schro¨dinger
equation after an expansion of the exponential function.
In order to compare the quantum and semiclassical sto-
chastic evolutions, we calculate the Wigner function @29,31#
P~x ,p !5
1
2p k¯
E dy K x2 y2UrUx1 y2 L exp~ ipy / k¯ !. ~22!
This expression can be interpreted as he Weyl-Wigner cor-
respondence @31# of the density operator. To give the dy-
namical equation for the Wigner function that is the quantum
correspondence of a classical Liouville equation, we use the
Weyl-Wigner correspondence of an operator Fˆ 5Aˆ Bˆ which
is @30,31#
F~x ,p !5A~x ,p !XB~x ,p !, ~23!
where
X5expF k¯2i S ]Q]p ]W]x 2 ]Q]x ]W]p D G
and the arrows on the operators denote the term on which the
operator is to be applied. Alternatively, we obtain
F~x ,p !5AS x2 k¯2i ]]p ,p1 k¯2i ]]x DB~x ,p !. ~24!
When we apply this formula to the products appearing in
the master equation we can readily obtain the classical
phase-space equation for the Wigner function we are looking
for:
]P
]t
5F]H0~ t !]x ]P]p 2 ]H0~ t !]p ]P]x G1D~ t !k¯2sin2x]
2P
]p2
,
~25!
where H0(t) is the classical Hamiltonian including modula-
tion H0(t)5(p2/2)2j(t)cos x. We give the corresponding
classical stochastic F-P equation from the quantum nonlinear
stochastic Schro¨dinger equation @32#
dx
dt 5p , ~26!
dp
dt 52j~ t !sin x1
A2D~ t !k¯ sin x
dW~ t !
dt . ~27!
To describe the classical distribution we use the classical Q
function @33#. The initial state is a bivariate Gaussian cen-
tered on (x0 ,p0) with position variance dx and momentum
variance dp ,
Q0~x ,p !5
1
2pAdxdp
expF2 ~p2p0!22dp GexpF2 ~x2x0!
2
2dx
G ,
~28!04380where the classical variances dx and dp are related with
quantum parameters dx5( k¯2/2j)1( k¯2/4sx), dp5( k¯Aj/2)
1sp . The evolution of the Q function is Q(x ,p ,t)
5Q0@x¯ (x ,p ,2t),p¯ (x ,p ,2t)# , where x¯ (x ,p ,2t),p¯ (x ,p ,
2t) is the trajectory generated by Hamilton’s equations.
To compare the quantum dynamics with the classical con-
ditional dynamics, for the quantum system we study the en-
semble with the same initial condition in regular region but
with random trajectories. It shows that when D is very small,
for homodyne measurement, the evolution of average mo-
mentum ^ pˆ& and average variance of momentum (^ pˆ2&
2^ pˆ&2) for the ensemble show coherent tunneling. There-
fore, the perturbation is not serious for small D when the
initial state is in the regular region of the classical phase
space.
For the classical dynamics for small D the results are
close to the no-diffusion case @26#. Obviously, we therefore
expect that we obtain different results between classical and
quantum conditional dynamics ~Fig. 2!.
However, if the diffusion constant is large enough, we
obtain almost the same result as in the classical case ~Fig. 3!.
For a single stochastic measurement, the terms in the nor-
malized nonlinear Schro¨dinger stochastic equation due to the
measurement depend on the quantity (Jˆ 2^Jˆ &c). We expect
that for some range of values of D, the stochastic measure-
ment terms would drive the system towards an oscillating
trajectory for which
^Jˆ 2&c.^Jˆ &c
2
. ~29!
Therefore, for the ensemble that includes many random tra-
jectories, the results will approach that of the classical con-
ditional dynamics.
IV. SENSITIVITY TO CHAOTIC
AND REGULAR INITIAL STATES
We again assume that the wave function is initially in a
minimum uncertainty state in the position representation. We
FIG. 2. Evolution of average momentum ^ pˆ& and average vari-
ance of momentum ^ pˆ2&2^ pˆ&2 for classical and quantum condi-
tional dynamics when D50.001. 1000 random trajectories are
taken. Solid line, classical conditional dynamics; dashed line, quan-
tum conditional dynamics.1-4
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first case, x050, p051.0, it is in the regular region of clas-
sical phase space. In the second case x0521.5, p051.0, it
is in the chaotic region ~see Fig. 1!.
Because the measurement will perturb the quantum state,
we hope to be able to compare the effect of measurement
noise of different trajectories. Here the angle u i j(t) is defined
between two normalized state vectors uc i(t)& and uc j(t)& as
@16,17#
u i j~ t !5cos
21u^c i~ t !uc j~ t !&u. ~30!
In the position representation, this is
u^c i~ t !uc j~ t !&u5U E
2‘
‘
c i~x ,t !*c j~x ,t !dxU . ~31!
As a measure of the distribution of the state vectors in Hil-
bert space, we can calculate the average angle between all
pairs of vectors. We define
FIG. 3. Evolution of average momentum ^ pˆ& and average vari-
ance of momentum ^ pˆ2&2^ pˆ&2 for classical and quantum condi-
tional dynamics and D50.1. 1000 random trajectories are taken.
Solid line, classical conditional dynamics; dashed line, quantum
conditional dynamics.
FIG. 4. Evolution of average angles in Hilbert space for D
50.001. Solid line, in chaotic region initially x0521.5, p051.0.
Dashed line, in regular region initially x050.0, p051.0.04380uave~ t !5
2
~N22N !
(
iÞ j
u i j~ t !, ~32!
where N is the number of trajectories.
In Fig. 4, we plot uave(t) for the two initial states men-
tioned above, evolved up to 200 cycles. We used up to
40 000 steps and N51000 trajectories for our calculation. As
can be seen, the average angle between vectors starting in the
chaotic phase-space region is larger than that of the regular
initial state.
If the system started in the regular region, small errors in
recording the results of the measurement will not be a very
serious problem because the conditional states form trajecto-
ries that will remain close in Hilbert space. Therefore, if we
consider the distribution of Hilbert angles at a fixed strobe
number ~Fig. 5!, the distribution is centered at a small angle
for an initial regular state. On the other hand, for an initial
chaotic state, the peak location approaches p/2 ~Fig. 6!. It
FIG. 5. Distribution of angles in Hilbert space at strobe number
200 for initial regular state and D50.001.
FIG. 6. Distribution of angles in Hilbert space at strobe number
200 for initial chaotic state and D50.001.1-5
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apart from each other. Therefore, if the initial state was in the
chaotic region of phase space, it will be much more difficult
to infer the system state reliably from the measurement re-
sults. This result is consistent with the results of the quantum
kicked top @17#.
In summary, we have demonstrated that for continuous
homodyne measurement of signals from the quantum system
of single-atom dynamics in cavity QED, the measured results
are influenced by the diffusion constant and whether the ini-
tial states are in regular or chaotic phase-space regions. We04380have shown that if the diffusion constant is large enough, the
average measurement results are similar to classical condi-
tional dynamics and for small diffusion constants the initial
chaotic state will be more sensitive to errors in recording the
measurement results than the initial regular state.
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